Enforcing color and electric charge neutrality conditions on the three-flavor color superconducting matter, I derive the explicit form of the quark propagators and the gluon self-energies for the gapless and the ordinary color-flavor-locked phases.
I. INTRODUCTION
Single-gluon exchange between two quarks is attractive in the color-antitriplet channel. Therefore, sufficiently cold and dense quark matter is a color superconductor (CSC) [1] . Since at one-loop order the gluon loop is ∼ g 2 T 2 whereas the quark loop is ∼ g 2 µ 2 , the effects of the gluon loops are very negligible and the main contribution results from the quark loops [2, 3, 4, 5] .
There are many different color-superconducting phases. For the quark chemical potentials much larger than the strange quark mass, m s , the ground state of the color-superconducting quark matter is the so-called color-flavor-locked (CFL) phase [6] . At smaller densities, however, the so-called 2SC phase is the dominant phase.
The Meissner mass is computed for the 2SC phase in Refs. [3, 5] , and that for the CFL phase in Refs. [7, 8] . Furthermore, the full energy-momentum dependence of the one-loop gluon self-energy for the 2SC phase is investigated in Ref. [9] . The respective calculations for the CFL phase are done in Ref. [4] . It is shown that square of the Meissner mass in the 2SC phase is negative, hence, this phase suffers from the so-called chromomagnetic instability [10] . When the neutrality condition, which is a crucial criterion for the compact stars [11, 12] , is enforced, the scenario changes drastically. Under this condition, the gapless phases are produced [13] . However, it is realized that the gapless 2SC (g2SC) phase as well as the gapless CFL (gCFL) phase are unstable. This instability is analogous to that for the 2SC phase [14, 15] . There are studies on the other phases as well. However, those phases are either unstable or energetically disfavored or could be the ground state only at a very tiny region of the phase diagram, e.g. the CFL − K 0 phase [16] , the single-flavor phase [17] , the secondary-pairing phase [18] , the mixed phase [19] , the LOFF phase [20] , the gluonic phase [21, 22, 23] , and the inert phases [24] .
It is known that the matter in the CFL phase as well as the 2SC phase contains a new kind of the collective modes, the so-called "light" plasmon modes [4, 25, 26] . In contrast to the ordinary plasmon, there is no trace of the light plasmon modes in the normal phase. The plasma frequency ω p is proportional to the value of the chemical potential and is independent of temperature and/or the color superconducting gap. However, the light plasmon has very different properties. Although it is a massive excitation too (that is why we also call it a plasmon), its mass m ∆ is of the color superconducting gap order, more precisely, 1.362|∆ T | < m ∆ < 2|∆ T |.
In the long wavelength limit |q| → 0, the light plasmons are stable with respect to the decays into the quark type quasiparticles. Besides, the energy of this mode is a monotonically increasing function of momentum |q| [25] . Therefore, there is a critical value for the wavelength, 1/|∆ T |, at which the energy of the light plasmon becomes equal to the threshold of the quasiparticle pair production. The excitations with the wavelengths shorter than the critical value (and the energy larger than 2|∆ T |) can decay into quasiparticles and, therefore, must have a relatively large width. It means that these new type of plasmon modes have two characteristic plasma frequencies, m ∆ and 2|∆ T |. The stable (narrow width) modes live only in m ∆ < q 0 < 2|∆ T | window of the energies.
The manifestation of the chromomagnetic instability in the two-flavor CSC is quite different for the 2SC and the g2SC phases. In the 4-7th channels of the 2SC phase as well as the g2SC phase, the chromomagnetic instability reflects the typical Bose-Einstein condensation phenomena: while at subcritical values of δµ, there are the light plasmons with the gap squared at 0 < M 2 ≤ ∆ 2 ≪ µ 2 , at subcritical values δµ > ∆/ √ 2, the plasmons become tachyonic with M 2 < 0. The spectrum of the plasmons in the 8th channel is quite different. There are no light plasmons at all in the 2SC phase in that channel. On the other hand, in the g2SC phase, there is a gapless tachyonic plasmon [22] .
The gapless tachyonic instability may appear in the three-flavor CSC too. The instability in this case is generated in the channels with the quantum numbers of A (1) , A (2) gluons and a linear combination of diagonal A (3) , A (8) gluons and photon A (γ) , cf. Ref. [22] . In the gCFL phase, the instability must be similar to the chromomagnetic A (8) instability in the g2SC phase [27] .
The chromomagnetic instability of the gCFL phase can be resolved if the light plasmon modes condensate. In order to investigate this possibility one has to know the gluons polarization tensor in the neutral three-flavor CSC phase. These calculations need the neutral quark propagators. Whether the light plasmon modes condensate or not the scenario of the instability in the gCFL phase undergoes some change. In addition, the neutral quark propagators and gluon self-energies are needed to calculate many phenomena related to the compact stars, e.g. the effects of the magnetic field on the gluon spectrum, the thermodynamic quantities and etc. Once these calculations are performed, the main complication of the analytical investigations in the neutral three-flavor CSC eases. Here, I focus on the propagators and the self-energies; the light plasmon condensate will be studied elsewhere [28] . This paper is organized as follows. In the next section, Sec. II, including the neutrality conditions, I calculate the quark propagators in the three-flavor CSC. One can find the form of the propagators in the CFL phase in Sec. III. In section IV, using the quark propagators, I derive the gluon polarization tensors. Afterwards, in Sec. V, I restrict the results to the CFL phase and find the gluon self-energies in this phase too.
In this paper I use the natural units,h = c = k B = 1, and work in Euclidean space-time R 4 ≡ V /T where V is the volume and T is the temperature of the system. I use the Minkowski notation for 4-vectors, with the metric g µν = diag(+, −, −, −).
II. QUARK PROPAGATORS
In the color superconducting quark matter, the ground state is a condensate of the quark Cooper pairs. In the mean-field approximation the inverse quark propagator matrix is
where G ± 0 is the propagator for noninteracting quarks (upper sign) or charge conjugate quarks (lower sign) with the quark four-momentum K ≡ (k 0 , k) and φ ± is the gap matrix [29] . The propagator G ± 0 has the following form
where µ is the quark chemical potential, m is the quark mass matrix, and γ µ is the Dirac matrix. The gap matrices are defined through
with the quark field
The lower indices (r, g, and b) stand for the quark color and the upper ones (u, d, and s) for the quark flavor. The charge conjugate quark field is defined via ψ C = Cψ T , where C = iγ 2 γ 0 . The color-flavor structure of the quark propagator in Eq. (2) is given by
where, for simplification, we pulled the quark mass matrix m into the quark chemical potential µ f g ij . This does not cause any changes in the result. In order to make the system color charge neutral one has to make the tadpoles of the system vanish. In the NIL model this is done by introducing the relevant chemical potentials. This, in the three-flavor CSC, leads to adding µ 3 and µ 8 to the quark chemical potential [30] . The system has to be electric charge neutral as well. For the latter the quark electrical chemical potential µ Q related to the quark electric charge
must be taken into account. In addition, considering the large value of the strange quark mass, we can set the up and the down quark masses to zero. In the end, the quark chemical potential finds the following form
which is a 9 × 9 matrix in the color [ij] and the flavor [f g] spaces. Here, T 3 and T 8 are the Gell-Mann matrices. The nonzero components of µ f g ij are the diagonal entries
Inserting the chemical potentials into the inverse of the quark propagator, Eq. (5), the nonzero components of the inverse bare propagators in color and flavor spaces are
These components are just entries of the matrix composed of the color and the flavor spaces. Therefore, one can find their inverse, which is in Dirac space, without having to invert the color-flavor-matrix. Hence the only nonzero components of the bare propagator are
Having known these entries, from Eq. (1), one can derive the full quark propagator matrix
where
Furthermore, the gap matrix Φ + = −(Φ − ) † in the gCFL phase has the following form 
The second term in the right hand side (rhs) has, in principal, the following form
where a sum on the repeated indices η, γ, h, and k is realized. Using Eqs. (10) and (14) one can now find the nonzero components of the propagators. They are
(G ± )
f g ij from Eq. (14) into the above equations and inverting the rhs we have
are projectors on the states of positive Λ + or negative Λ − energies. We see that there are new components for the full propagators which do not have any correspondence for the bare propagators, e.g.
13 , and etc. Besides, a closer inspection reveals that there are in general three different groups for the propagators. However, as we shall see in the following (Sec. III), in the CFL phase these three groups shrink to two groups as we expect, Ref. [31] .
Following the method used to calculate the diagonal components of the quark propagator, Eq. (12a), we can find the explicit form of the off-diagonal components of the propagator. We write Eq. (12b) in terms of its color and flavor structure
Having already separated the nonzero components of [
f g ij , one can find the nonzero components of the off-diagonal components, one by one checking is needed. They are
[
and inserting the explicit values of the gaps and the propagators we find
[ Ξ ± (K) ]
These results can be generalized to the case we have an external magnetic field in the system. Then, one can use them to calculate the properties of the magnetic-CFL phase. In the next section we present the diagonal and the off-diagonal propagators in the CFL phase. We use them in this paper when we calculate the explicit form of the gluon self-energies in the CFL phase. Further details are explained in the following.
III. QUARK PROPAGATORS IN CFL PHASE
We now know that the CFL phase is the dominant phase of CSC at very large densities. Since quark matter in the color superconducting phase constitutes the core of neutron stars, the properties of the matter in the CFL phase should be studied in great details. The result of this section can be used to yield further information about the properties of the matter in the CFL phase.
The CFL phase is characterized by equal values for the gaps
In addition, when the strange quark mass m s is not so large as to disrupt any Cooper pairs, µ e , µ 3 and µ 8 satisfying electric and color charge neutrality conditions are connected via
On the other hand, we know that the CFL phase is electrically neutral N e = 0, even in the presence of an electron chemical potential, cf. Refs. [32, 33] . Since
from Eq. (24) we have
These relations simplify the chemical potentials we have in Eq. (8) to 
Now we can replace them in the diagonal and the off-diagonal component of the full propagators, Eqs. (18) and (22), to find the respective values for the CFL phase
and from Eqs. (22) the off-diagonal components read
In the following, we take one step further and calculate the gluon self-energies in the gapless as well as the ordinary CFL phase. The analytical results, which are given in the following, are very complicated, therefore to find the physical quantities like the spectral densities, the screening mass, and etc, one should employ them in the numerical calculations.
IV. GLUON SELF-ENERGIES IN GAPLESS CFL PHASE
At one-loop approximation and at zero temperature, the gluon-self energy is dominated by the quark loop [5, 8] and has the following form
where P is the quark four-momentum, K is the gluon four-momentum, and the trace is over spinor, color, flavor and Nambu-Gorkov spaces. The vertices are defined througĥ
In order to evaluate the self-energy, first of all, we have to perform the traces. The trace over Nambu-Gorkov space is trivial and can be done easily. The trace over the color and the flavor spaces in the (g)CFL phase, however, is very complicated because these two spaces are locked to each other. Nevertheless, we will make use of an elementary argument which, to a large extent, helps us to simplify the calculations. Afterwards, we have to evaluate the trace over the spinor space. We leave this part to Ref. [28] , where we use the self-energies to find the spectral densities. For the latter, we have to introduce the mixed representations. This requires a sum over Matsubara frequencies; the details are given in the last section of this article.
A. Trace over Nambu-Gorkov space
Starting from Eq. (30) and employing Eq. (31), the trace over the Nambu-Gorkov space can be evaluated, The result is
where G ± and Ξ ± are calculated in Eqs. (18) and (22) . Now, we have to find the trace over the color and flavor spaces.
B. Trace over color and flavor spaces
Since in the (g)CFL phase the color and the flavor spaces are locked, it is not possible to find the trace over these spaces separately. We know that when the neutrality condition is not enforced, because all chemical potentials are equal, µ f g ij = µ, the quark propagators all have the same form. Therefore, one can use a set of projectors introduced in Ref. [34] to do the trace. In contrast, including the neutrality condition, as we presented, the propagators find different forms for different colors and flavors. Therefore it is a very tedious work to follow the method used in Ref. [31] . Instead, in the following, we present an old fashion method.
We write the self-energies in terms of their color and flavor indices
Now we can find the trace over the color, i, j and the flavor f, g spaces for each a, b, so that, a, b = 1, . . . , 8. The color and the flavor indices run from 1 to 3. We do one by one checking. We admit that this is a very boring method, but we do not have another choice. The results are
Furthermore, we see that, as before [5, 31] , there are nonzero values for some of the the off-diagonal components
The other components are zero. As pointed out in Ref [5] , the off-diagonal components of the self-energy do not have any physical meanings. They simply indicate that the gluon propagator is not diagonal in the original basis of the adjoint colors. For instance, in the [12] subspace of adjoint colors, the resummed inverse gluon propagator, which is defined via
has the form
where ∆ −1 0 is the bare gluon propagator. The hermitian matrix of ∆ −1 can be diagonalized by the unitary matrix
so that in the new basis of adjoint colors we have 
which after diagonalizing, does not have the simple form of Eq. (39) but
As we see it is almost impossible to find analytically Π In the new bases, the self-energies are
where we have used the property Π µν ij (P ) = Π µν ij (−P ). Here we did not present the transformed version of Π µν 33 (P ) and Π µν 88 (P ); the reason is already explained. To complete the calculations in the gCFL phase, one has to find the trace over the spinor space as well. This can be a subject for another article. For the moment, we are interested, in particular, in the self-energies of the CFL phase and we avoid the complications of the gCFL phase.
V. GLUON SELF-ENERGIES IN CFL PHASE
Now we concentrate on the self-energies in the CFL phase. Since the gaps in the CFL phase are equal, Eq. 
[Ξ ± ] 
In these expressions we have introduced 
Now, the procedure to find the spectral densities is very similar to the method indicated in Ref. [4] . However, there is one difference. We see that the form of the propagators [G ± ] 12 12 in Eq. (28) are different from the rest. This causes some anomalies which will be solved in Ref [28] . For finding the gluon spectral densities, the only step needed to be taken is just to replace the above equations and do some numerical evaluations.
VI. CONCLUSIONS
I enforced color and electric charge neutrality conditions on a system composed of three-flavor quark matter in the color superconducting phase. Under this condition I found the explicit form of the quark propagators and using them I derived the gluon self-energies in both the gCFL and the CFL phases. The results for the quark propagators can be used for many different purposes in the studies of thermodynamics of neutron stars. The form of the self-energies is in agreement with the previous results which indicate different screening masses for different gluons [27] . These results will be, in particular, used to answer the question of the light plasmon condensation which might solve the chromomagnetic instabilities of the gCFL phase [28] .
